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Abstract  Given areal Hilbert space H with a Jordan product and 2 C H being the Lorentz
cone,q € H,andlet T : H — H be a bounded linear transformation, the corresponding
linear complementarity problem is denoted by LCP(7, €2, ¢). In this paper, we introduce the
concepts of the column-sufficiency and row-sufficiency of 7'. In particular, we show that the
row-sufficiency of T is equivalent to the existence of the solution of LCP(7T', €2, ¢) under
an operator commutative condition; and that the column-sufficiency along with cross com-
mutative property is equivalent to the convexity of the solution set of LCP(T, €2, ¢). In our
analysis, the properties of the Jordan product and the Lorentz cone in H are interconnected.

Keywords Linear complementarity problem - Jordan product - Lorentz cone -
Column-sufficiency - Row-sufficiency

1 Introduction

Let H be a real (finite-dimensional or infinite-dimensional) Hilbert space and 2 be a closed
convex cone in H. Suppose that 7 : H — H is a bounded linear transformation, (z, w)
denotes the inner product of elements z, w € H and ||z| denotes the norm of any z € H
induced by the inner product. Given ¢ € H, then the cone linear complementarity problem
on H (see, for example, [3,6,9,15-17]), denoted by LCP(T, €2, g), is to find an element
z € H such that
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7€Q, Tz+qeQ", and (z,Tz+¢q)=0, (1.1)

where Q* is the dual cone of © given by Q* := {w € H | (w, z)> 0,Vz € Q}. The cone
Q is called to be self-dual if @ = Q*. If H = R",Q = R} = {x € R" | x > 0}, and
T = M € R™", then (1.1) reduces to the standard linear complementarity problem, denoted
by LCP(M, R, g). When H is a finite-dimensional space, LCP(T, €2, ¢) has been exten-
sively studied in the literature ( see, for example, [4,7,10,12—-14]). In this paper, we assume
that H is a general real Hilbert space with a Jordan product and €2 is the Lorentz cone in H
(see the next section for the details).
A matrix M € R"™™" is said to be column sufficient if for all x € R",

xXiMx;j)) <0 = xi(Mx;)=0, i=1,...,n

and row sufficient if M7 is column sufficient. They were introduced by Cottle et al.
[5] in the context of LCP(M, R’ ,q). These two concepts play very important roles
in studying the solvability of LCP(M, R'}, q) and the convexity of the solution set of
LCP(M, R" , q). It was proved in [5] that M is a row sufficient matrix if and only if
LCP(M, R" , q) is solvable when it is feasible, and M is column sufficient if and only
if the solution set of LCP(M, R}, gq) is convex. Gowda and Song [11] extended the
column-sufficiency of a matrix to a linear transformation over the symmetric matrices
space based on the convexity of the solution set of the corresponding semidefinite lin-
ear complementarity problem. Recently, Qin et al. [18] studied the column-sufficiency
and row-sufficiency of a linear transformation L on a Euclidean Jordan algebra V
with the help of LCP(L, K, q), where ¢ € V and K C V is a symmetric cone.
They proved that the column-sufficiency along with the cross commutative property
is equivalent to the convexity of solution set of LCP(L, K, ¢q), and if LCP(L, K, q)
has at least one solution and an operator commutative condition holds, then L is row
sufficient.

In this paper, we discuss the similar results given in [18] in the setting of the gen-
eral Hilbert space. We show that the row-sufficiency of 7 is equivalent to the existence
of the solution to LCP(T, €2, ¢) under an operator commutative condition; and that the
column-sufficiency along with cross commutative property is equivalent to the convex-
ity of the solution set of LCP(T, €2, ¢). It should be pointed out that there three differ-
ences between [18] and this paper. Firstly, H is a general Hilbert space in this paper;
while H is a finite-dimensional space in [18]. Secondly, for the row-sufficiency of T,
only a necessary condition was obtained in [18]; while we will obtain a necessary and
sufficient condition in this paper. Thirdly, the tools used in this paper are quite differ-
ent from those in [18]. In [18], a main tool used is the Spectral Decomposition Theo-
rem. But, such a theorem does not hold in the setting of the general Hilbert space. In our
analysis, the properties of the Jordan product and the Lorentz cone in H play important
roles.

This paper is organized as follows. In the next section, we introduce the basic material
about the Jordan product and the Lorentz cone in H and discuss some basic properties,
and then we introduce the concepts for the column-sufficiency and row-sufficiency of 7. In
Sect. 3, we first discuss the K KT condition of the quadratic program (Q P) in H, and then
establish a necessary and sufficient condition for the row-sufficiency of 7. In Sect. 4, we
establish a necessary and sufficient condition for the column-sufficiency of 7. Some final
remarks are given in Sect. 5.
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2 The Lorentz cone and Jordan product in H

In this section, we briefly describe the Lorentz cone and the Jordan product in H, and some
related results (see Refs. [3,16]. Also see Refs. [1,8,12,19] for the corresponding concepts
and results given in the context of the finite-dimensional space). Moreover, several basic
results are established.

For every integer n > 2, the Lorentz cone K" in R” can be written as

K'={z=@@rx)eRx R r>|x|}

Lete = (1,0) € R x R"!, then (z,e) = r. Hence, K" = [z € R" | (z,e) > \%Hz”].
Consider the following closed convex cone in the real Hilbert space H:
Qe,r)={z e H|(z,e) = r|zll},

where 0 < r < 1 and e € H with |e|| = 1. It is easy to prove that Q2 (e, r) is pointed, i.e.,

Q(e,r) [ (—R2(e, r)) = {0}. Define the orthogonal complement of e by
<e>ti={zeH]|(ze) =0}

For any z € H, we have the orthogonal decomposition z = x + Ae with unique x € < ¢ >+

and A € R (in fact, A = (z, e)). Thus,

r
Qe,r) = ’x+ke|xe <e>1and A € R with A > 7”)6”]-
J1 =12

Proposition 2.1 ([3, Proposition 2.1]) For any e € H with |le|| = 1 and 0 < r < 1, the dual
cone of Q2(e, r) can be written as

Qe,r)={z€ H| (z,w) >0forallw € Q(e,r)} =Q (e, V1 —r2).

Consequently, Q2 (e, %) is a self-dual closed convex cone.

Proof For completeness, we give the proof of [3, Proposition 2.1] as follows. Let z =
x+re € Qe, V1 —r2)andw =y + pe € Qe, r) be arbitrary. Since A > ||x]||||y|l, we
have (z, w) > (x,y) + ||x|||ly]l > O. This proves that Q(e, /1 — r2) C Q*(e, r).

Conversely, we prove that if z = x + ke € Q*(e,r), then x € Q(e, V1 — r2), ie.,
A > r~'/T = #2||x||. This is trivial when x = 0. When x # 0, by considering the element
v=—r"'V1—r2x + |x|eof Q(e, r), we have

0 < (x,v) = —r V1 —r2x | + Allx]l.

The proof is complete. o

From the above proposition, 2 (e, %) can be written as
1
Q(e, E) ={x+recH|xe<e >L and 1 € R with A > llx]1}- 2.1)

When H = R"ande = (1,0) € Rx R" ! the set 2 (e, %) coincides with the Lorentz cone
K" in R". Hence, Q (e, %) is called the Lorentz cone in the Hilbert space H determined
by e. In this paper, we simply denote 2 (e, %) by Q.
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In the following, we introduce the concept of Jordan product in the Hilbert space H and
some related conclusions.

Forany z, w € Hwithz =x+Xeandw = y+ e, wherex,y € <e >L and %, nE R,
the Jordan product z o w of z and w is defined by

zow = pux + Ay + (z, wle = pux + Ay + ({x, y) + Ane. (2.2)

Denote z> = z o z for any z € H. The following properties are easily verified.

zow=wozandzoe=zforany z, w € H.
(z+w)ov=zov+wowvforanyz, w,v € H.

(z,wov) =(w,zov) = (v,zow) forany z, w,v € H.
zo(zZow)=z>0(zow)foranyz, w € H.

22 =2 x + ||z]|?e € Qforanyz = x + Ae € H withx € <e > and A € R.

Note that the Jordan product is not associative even in the finite-dimensional Euclidean space.
In fact, it is easy to show that €2 is the cone of squares w.r.t. o multiplication. After introducing
the Jordan product, the space H becomes a Jordan algebra (see [8]). For any z, w € H, we
say that z and w operator commute if z o (w ou) = w o (z ou) holds forany u € H.

The following several lemmas give the conditions and properties of z and w operator
commuting.

Lemma 2.1 Forany z,w € H withz = x + Ae,w = y + e, where x,y € < e >1 and
A, L € R, then z and w operator commute if and only if there is an o« € R (possibly depends
on x and y) such that y = ax or x = ay. In particular, if x # 0 (respectively, y # 0), then
z and w operator commute if and only if there is an @ € R such that y = ax (respectively,
X =ay).

Proof If x = 0 or y = 0, then the results of this lemma hold obviously. In the following, we
assume that x # 0 and show that z and w operator commute if and only if there is an o € R
such that y = ax. The case of y # 0 can be discussed similarly. By using the definition of
z and w operator commuting, we need to show that z o (w o u) = w o (z o u) holds for any
u € H if and only if there is an o € R such that y = ax. Let u = v + te where v €< e >+
and T € R, we have
zo(wou) = (x+ie)o ((ty + pv) + (y, v) + t)e)
=tAy +Auv 4 (y, v)x +Tux + ti(x, y)e + pui{x,v)e + A{y, vie + tApne

and

wo (zou) = (y+pe)o ((tx + iv) + ((x, v) + tA)e)
=Tux +Auv+ (x,v)y + Ay + t{x, y)e + A(y, v)e + u(x, v)e + tApue.

These imply that

zo(wou)=wo(zou) ifandonlyif (y,v)x = (x,v)y. 2.3)
On one hand, suppose that z o (w o u) = w o (z o u) holds for any u € H. Since x # 0 and
v is arbitrary, we may choose v € H such that (x, v) # 0. Thus, by taking o := gz;, we

obtain from (2.3) that there is an o € R such that y = ax. On the other hand, suppose that
there is an « € R such that y = ax. Then,

(y, v)x = (ax, v)x = a{x, v)x = (x, V)ax = (x,v)y

holds for any v € H. Thus, by (2.3) it follows that zo (wou) = wo (zou) foranyu € H.
Therefore, we complete the proof of this lemma. O
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Remark In the setting of the finite-dimensional space, such a result has been obtained. For
example, see [1] for the one in the case of H = R".
Lemma2.2 Letz=x+ie,w=y+uec Hwithx,y e <e >andx,u € R.

(i) The following two conditions are equivalent:

(a) z€Q, we and (z,w)=0;
(b) 7€, we, and zow =0.

In each case, we may get that z and w operator commute.
(ii) Suppose that x # 0 and y # 0, and one of (a) and (b) in (i) holds. Then,

(c) A >0and u > 0;
(d) if there exists real number a such that y = ax, then a < 0;
(e) llxll = A and ||yl = .

Proof Firstly, we show that the result (i) holds. Let z = x + Ae and w = y + pe. Since
Zow = ux + Ay + (z, w)e, it is easy to verify that (b) implies (a). Next, we prove
that (a) implies (b). Because z € Q,w € Q and (z, w) = (x,y) + Au = 0, we have
Zow = ux + Ay, A > ||x| and ;& > | y||. Hence,

lwx + Ayl = w2 llxl® + 2ap(x, y) + 22yl
= p2lx]I* = 222 u* + A3||y)I* = 0.

It follows that ux + Ly = 0, i.e., z o w = ux + Ay = 0. This proves that (a) implies ().
Secondly, we show that the results in (i7) hold. Since z € Q and w € , it follows from
the definition of €2 that

x| <A and |y < p. 2.4)

This, together with x # 0 and y # 0, implies that the results given in (¢) hold. Now, for part
(d). From (i) we know that z and w operator commute. Thus, it follows from Lemma 2.1
that there is a real number « such that y = ax. Since (z, w) = 0, we have

0=(z,w) = (x+ e,y +pe) = (x,y) + A = (x,ax) + A = a[lx[|> + hp, (2.5)
which demonstrates o« < 0, and hence, the result in (d) holds. By (2.5) we have

= —allx])* = —alxllx]l = x| llex]| = x|yl (2.6)

By (2.4) and (2.6), part (e) holds true. ]

Remark In the setting of the finite-dimensional space, the result given in the case (i) of
this lemma has been obtained. For example, see [12] for the one in the case of H being a
Euclidean Jordan algebra.

Lemma 2.3 Givenu =v+&e € HwithO #v e <e > and& € R, foranyz,w € H, if
both z and w operator commute with u, then 7 and w operator commute.

Proof Letz =x+Aeandw = y 4+ pue withx, y € < e > and A, u € R. We consider the
following two cases:

Case 1 Suppose that x = 0 or y = 0. Since Ae (or e) operator commutes with an arbitrary
element in H, it is easy to see that z and w operator commute in this case.
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Case 2 Suppose that x # 0 and y # 0. Since both z and w operator commute with u and
v # 0, it follows from Lemma 2.1 that there exist o, 8 € R such that x = ov and
v = By. Thus, x = afy. Again, by Lemma 2.1, we conclude that z and w operator
commute.

The proof is complete. O
Lemma 2.4 Forany z, w € Q, if z and w operator commute, then z o w € Q.

Proof Letz = x4+ ieand w = y + pe with x, y € < e >+ and A, u € R. By using the
condition z, w € €2 and the definition of 2, we have A > ||x| and i > ||y||. Since z operator
commutes with w, it follows from Lemma 2.1 that there exists an « € R such that y = ax
or x = ay. Without loss of generality, let y = ax. Then,

(x, ¥) + A — x4+ Ayl = allx|® + Ap — [u + arl|x]]
_ | = lxID(w — ellx]l), when o +ai =0,
A+ lIxlD (e + allx]), when p+ai < 0.

Since A > |lx| and i > ||y|| = |e|||x]|, we obtain that (x, y) + A > |ljux + Ay|. By (2.2)
and the definition of §2, we obtain that z o w € Q. O

Lemma 2.5 Given z, w,u € H, if z and w operator commute and z and Tw + nu operator
commute where T and n are two non-zero real numbers, then z and u operator commute.

Proof For any v € H, since z and w operator commute, we have
zo(wov) =wo (zovw); 2.7
and since z and Tw + nu operator commute, we have

zo((tw+nu)ov) = (tw + nu) o (z o v),

tzo(wov)+nzo(mov)=two (zov)+ nuo(zov). (2.8)

By combining (2.7) with (2.8), we obtain that z o (4 o v) = w o (zov) holds forany v € H.
Thus, z and u operator commute. O

In the rest of this paper, we consider LCP(T, €2, q):
7€, Tz4+qeQ, and (z,Tz+¢q)=0, 2.9)

where H is a general Hilbert space with the Jordan product being defined by (2.2), Q C H

is the Lorentz cone 2 (e, \%) defined by (2.1), T : H — H is a bounded linear trans-
formation, and ¢ € H. We always assume that e is an arbitrary given element in H with
llell = 1.

Now, we introduce the concepts of the column-sufficiency and row-sufficiency of 7. Let
T* denote the adjoint operator of the bounded linear transformation 7', i.e., T™* satisfies
(z, Tw) = (T*z, w) for all z, w € H. Then, T* is also a bounded linear transformation on

H.

Definition 2.1 A bounded linear transformation 7 : H — H is
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e column sufficient if

z and T’z operator commute

Tz =0;
—z0TzeQ ] = z0Tz=0;
e row sufficient if 7% is column sufficient.

We will investigate properties of the row-sufficiency and the column-sufficiency of T in
the following two sections.

3 The row-sufficiency of T

In this section, we discuss the relations between the row-sufficiency of 7 and the solution of
LCP(T, 2, g) with the help of the K KT condition of the following quadratic programming
over 2 (denoted by (Q P)):

min %(z, Tz+T*z) 4+ (q,2)
st. 2eQ,Tz+q € Q.

Theorem 3.1 The K KT condition of (Q P) has the following form:

FeQ, g+ T +T7 —T 'w" € Q, 3.1
(Z5,q+Tz"+ T = T w*) =0, (3.2)
w*eQ, TF+qeQ, (3.3)

(w*, Tz* +¢q) = 0. (3.4)

Furthermore, if z* — w* and T*(z* — w™) operator commute, then (z*, w*) satisfies
(w* =z o T*(Z" —w") € Q. (3.5)

Proof For the quadratic programming (Q P), define f(z) := %(z, Tz+ T*z) + {(q, z) and
h(z) := Tz+q. Thenthe K K T condition (the optimality condition) for (Q P) can be written
as (see [2]):

0 € 9, L(z*, w*) + Na(z"), —w* € Nq(h(z")), (3.6)

where L(z, w) := f(z) — (w, h(2)), (z,w) € 2 x Q*, 3, L(-) denotes the subdifferential
of the function L, and Nq(z) := {w € H|(w,u — z) <0, VYu € Q} is the normal cone of
Q2 at z. By using the convexity and self-duality of €2, (3.6) becomes

e, dLENw)eQ, (2 0.LE5w)) =0;
h(z") e Q, w*eQ, (w* h(iz")) =0.

This implies that conditions (3.1)—(3.4) hold.
In order to show that (3.5) holds, we need to prove that the following result holds:

(" —w*, T*(Z* —w")) <0. (3.7
In fact, by (3.1)—(3.4), we have
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and

Hence, (z* — w*, T*(¢* — w*)) = (¥, T*z* — T*w*)—(w*, g + T* + T** — T*w*) <
0, i.e., (3.7) holds.
In addition, by (3.1), (3.2), and Lemma 2.2 (i), we have

Fo(@+ T +T*Z —w") =0 (3.8)

and z* operator commutes with ¢ + 7z* + T*(z* — w*). Similarly, by (3.3), (3.4), and
Lemma 2.2 (i), we have

w*o(Tz"+¢q)=0 (3.9)
and w* operator commutes with 7'z* + g. Let
F=x+xre, w'=y+ue, T +qg=u+é&e, and T*(" —w") =v+e,

where x, y,u, v €< e >L and A, n,& ¢ €R.
Now, we prove that (3.5) holds, which is divided into three parts:

e Suppose that y = 0. In this case, w* = e, and hence, it is obvious that w* and
q + Tz* + T*(z* — w*) operator commute. By (3.1), (3.3) and Lemma 2.4, it follows
that w* o (¢ + Tz* + T*(z* — w*)) € Q, which and (3.9) lead to

w* o T*(z* — w*) € Q.
Next, we show that —z* o T*(z* — w*) € Q. Consider the following two cases:

— If © = 0, then w* = 0. Since z* operator commutes with ¢ + Tz* + T*z* and
z* operator commutes with 7*z*, by Lemma 2.5 we have that z* operator com-
mutes with g + T'z*. This, together with (3.1) and (3.3) with Lemma 2.4, implies that
7" o (Tz* 4+ q) € Q. Thus, it follows that —z* o T*(z* — w*) € Q from (3.8).

— If u # 0, then by (3.4), we have that 0 = (w*, Tz* + q) = (ue,u + Ee) = ué.
Hence, it follows that § = 0, and u = O by 0 < |ju|| < &. Thus, Tz* + ¢ = 0.
Furthermore, —z* o T*(z* — w*) = 0 € Q by (3.8).

Therefore, from the definition of a cone, it follows that (w* — z*) o T*(z* — w™*) € Q.
e Suppose that x = 0. In this case, we discuss the cases either . = 0 or A # 0.

— When A = 0, i.e., z¥ = 0, By (3.3) and (3.4), we have that w* operator commutes
with ¢. Since z* — w* and T*(z* — w™) operator commute, we get that w* operator
commutes with 7*(w*). Thus, w* and g + Tz* + T*(z* — w*) operator commute.
By (3.1), (3.3) and Lemma 2.4, it follows that w* o (¢ + Tz* + T*(z* — w*)) € Q,
which and (3.9) lead to w* o T*(z* — w*) € Q. By z* o T*(z* —w*) =0 € @, we
have (w* — z*) o T*(z* — w™*) € Q.

— When & # 0, we get that z* = Ae. By (3.1) and (3.2), it is easy to verify that
q+Tz*+T*(Z* —w*) = 0. Thus, w* o (¢ + Tz* + T*(z* — w*)) = 0. By (3.9), it
follows that w* o T*(z* —w™*) = 0. Since z* = Ae, z* and T z* 4 ¢ operator commute.
By (3.1), (3.3) and Lemma 2.4, we have z* o (Tz* + q) € Q. Together with (3.8), it
implies that —z* o T*(z* — w*) € Q. Hence, (w* — z*) o T*(z* — w*) € Q.
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e Suppose that x # 0 and y # 0. we consider the following two cases:

— When x = y, since w* operator commutes with 7z* 4+ ¢, we have that z* and
Tz* + ¢ operator commute. By (3.1), (3.3) and Lemma 2.4, we conclude that z* o
(Tz* 4+ q) € Q. So, from (3.8) it follows that —z* o T*(z* — w*) € Q. Simi-
larly, since z* operator commutes with ¢ + Tz* + T*(z* — w*), we have that w*
and ¢ + Tz* 4+ T*(z* — w*) operator commute. By (3.1), (3.3) and Lemma 2.4,
we conclude that w* o (¢ + Tz* + T*(z* — w*)) € Q. This, together with (3.9),
implies that w* o T*(z* — w*) € Q. Hence, by the definition of a cone, we have
(w* —z") o T*(z* — w™*) € Q.

— When x # y, since z* operator commutes with ¢ + Tz* + T*(z* — w*) and w*
operator commutes with 7z* + ¢, by Lemma 2.1, it follows that there are «, 8 € R
such that

u+v=ax and u = By. (3.10)

Since z* — w* and T*(z* — w™*) operator commute, there exists y € R such that
v = y(x — y). This and (3.10) yield

B=v)y=(a—ymx (3.11)
(A) Suppose that 8 — y # 0 or @ — y # 0. Then, we obtain from (3.11) that y =
Foxorx = g_;;y. This implies by Lemma 2.1 that z* and w* operator com-

mute. Because z* and g + T'z* + T (z* — w*) operator commute, by Lemma 2.3
we get that w* operator commutes with g + 7 z* + T*(z* — w*), which, together
with (3.1), (3.3) and Lemma 2.4, implies that w*o (¢ + Tz*+T*(z* —w*)) € Q.
Thus, it follows from (3.9) that w* o T*(z* — w™*) € Q. In addition, since z* and
w* operator commute; and w* and g + T'z* operator commute, it follows from
Lemma 2.3 that z* and ¢ + T'z* operator commute. Thus, by (3.1), (3.3) and
Lemma 2.4, we obtain that z* o (¢ + Tz*) € Q. This, together with (3.8), im-
plies that —z* o T*(z* —w™) € Q. Hence, we have (w* —z*) o T*(z* —w*) € Q.

(B) Suppose that one of 8 — ¢ and o — y is zero. Then, both of them are zeros since
x #0and y #0. Thus, y = o = B.
Ifa =0,thenu +v =0and u = v = 0 from (3.10), and hence, g + Tz* +
T*(z* —w*) = (§4+¢)e. When (§ +¢) = 0,then § = —¢. If ¢ = 0, it
follows that 7*(z* — w*) = 0, i.e., we have (w* — z*) o T*(z* — w*) € Q. If
&§=—¢ #0,then Tz*+¢q = &Ee # 0. Thus, it follows from (3.3) and (3.4) that
w* = y 4+ pne = 0, which is a contradiction with y # 0. This demonstrates
that this case can not happen. When (§ 4 ¢) # 0, it follows from (3.1) and (3.2)
that z* = 0, which is a contradiction with x # 0. This demonstrates that this
case cannot happen.
If @ # 0, by the results (d) and (e) in Lemma 2.2 (ii) we have

1) y=a=p<0;
@ lxll =2, Iyl = e el = &, lu+ vl = & +¢.

By combining (3.10) with the above results (1) and (2), we have that o« = —E#,
B = —%, and
§+¢ & .
= ie., (A —wé = uct. (3.12)
m
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By the definition of the Jordan product,
(W* = 2%) 0 T*(@* — w*) = ¢(y — %) + (1 — v + (w* — 2%, T*(2* — w*))e,
and

=)+ —=—Dv=¢0Q—x)—yp—-—)y —x)
—A
:(Hu)(y_x)
w

=C-0—-x)=0

where the second equality follows from the result (1) and the third equality follows
from (3.12). By (3.7) and the definition of 2, we conclude that (w* — z*) o T*(z* —
w*) € Q.

Therefore, we obtain that (w* — z*) o T*(z* — w*) € Q. The proof is complete. O
Remark 1f (z*, w*) satisfies (3.1)-(3.4), then it is called a K KT point of (Q P).

Theorem 3.2 Given a bounded linear transformation T : H — H, the following conditions
are equivalent:

(a) T is the row sufficient.
(b) For any given q € H, if the KKT point (z, w) of (QP) satisfies that z — w and
T*(z — w) operator commute, then z is a solution of LCP(T, 2, q).

Proof (a) = (b): Suppose that (z, w)isa K K T point of (Q P) and z —w operator commutes
with T*(z — w). By Theorem 3.1, we get that (z, w) satisfies the formulas (3.1)—(3.4) and
—(z—w)oT*(z—w) € Q. Since T is the row sufficient, we have (z — w) o T*(z — w) = 0.
Hence, (z — w, T*(z — w)) =0, i.e.,

(z, T*(z — w)) = (w, T*(z — w)). (3.13)
By (3.2), we get
(2, Tz+q)+ (z, T"(z — w)) = 0. (3.14)

Since 2 is a self-dual cone, we have (w,qg + Tz 4+ T*(z — w)) > 0 from (3.1) and (3.3).
This, together with (3.4), leads to (w, T*(z — w)) > 0. Combining (3.13) and (3.14), we
get (z, Tz +¢q) < 0. However, z € Qand Tz 4+ g € Q imply that (z, Tz + ¢) > 0. Thus,
(z, Tz + g) = 0. This demonstrates that z is a solution of LCP(T, 2, ¢).

(b) = (a): Suppose that there exists z € H such that z and T*z operator commute and
—zo0T*zeQ,butzoT*z #£0.Letz = x +reand T*z = y + e withx, y e< e >+
and A, u € R. Since z and T*z operator commute, there exists « € R such that y = ax or
x = «y. Without loss of generality, let y = ax. We consider two cases:

Casel Ifx =0,thenz = Ae, T*z = peand —zoT*z = —Aue € QL. ByzoT*z # 0, we
obtain that A < 0.

e Suppose that A > 0, then © < 0. Let ¢ := —Tz — pe. Then, g + Tz + T*(z —
0) = —pe + T*z = 0 € Q. It is easy to verify that (z, 0) satisfies that the formulas
(3.1)-(3.4) and z operator commutes with 7*z. This means that the conditions given
in (b) hold. Thus, z = e solves LCP(T, 2, ¢). This implies that 0 = (z, Tz + ¢) =
(z, Tz + (—=Tz — pne)) = —Au, which is a contradiction with A < 0.
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e Suppose that A < 0. Let ¢ := Tz + pe. In a similar way as the above, we can get that
(—z, 0) satisfies the formulas (3.1)—(3.4) and —z operator commutes with 7*(—z). Thus,
—zisasolution of LCP(7, 2, ¢). Thisimplies that0 = (—z, T(—z) + ¢) = —Au, which
is a contradiction with A < 0.

These demonstrate that 7" is the row sufficient.

R 4+
Case2 If x #0, welete) = ¢ 2”"” and ey = e% Then,

z=x+Xte= A —|x|Der + A+ ||x])ez2, (e1,e2) =0, and e, er € Q.
By Lemma 2.2 (i), we have e; o e = 0. Since y = ax and e] + e2 = e, it follows that
T*z=y+pe= (n —allxlDer + (1 +allxl)es.
Thus,
—zoT"z == — IxID(r —alxDer =+ IxID(n + allxDez
= —(u+r)x — (@|x]* + pe.

By using —zoT*z € Q, self-duality of €2, and the representation of —zoT*z ine; and e, given
in the above line, we obtain that either (A — || x||) (u—a||x||) < Oand (A4 x])(u+a|lx]) <O
or (A—|lx])(w —eallx])) <0and (A + ||x|)(n + «|lx]]) < 0. Without loss of generality, we
consider only the first case. Let

7" i= max{x — ||x|, 0}e; + max{ + [lx[|, O}ea;
max({||x|| — A, O}e; + max{—A — [lx||, O}e2;
(T*2)™ := max{u — a|x|, O}es + max{u + a||x||, 0}ea;

-

(T*2)” = max{el|lx|| — p, O}e; + max{—u — a|x|[, O}e>.

Thenz =zt —z and T*z = (T*) T — (T*2)".

e Consider the case of z+ # 0. In this case, we define g = —Tz" + (T*z)". It is easy
toprove that 77,27 € @, Tz +q = (T*z)” € Qand g + Tz + T*zt — T*z~ =
(T*z)™ e Q. Furthermore,

(et g+ Tzt + T2 —T*27) =+, (T*)™)

1
5 max{A — |lx|, O} max{n — o|lx ||, 0}

1
+5 max{r + x|, O} max{n + alx|l, O}
= 0,

where the last equality holds is due to that (A — ||x||)(nx — «||x]|) < 0and (A + || x]|) (e +
aflx|)) < 0. Similarly, we obtain that

(7, Tz +q) = (27, (T*2)7)

1
3 max{|lx|| — A, 0} max{er|lx|| — p, 0}

1
+5 max{|lx|| — &, O} max{e|lx|| — u. 0}
=0.

By Theorem 3.1, it follows that (z*, z7) isa K K T point of (Q P). Moreover, it is easy to
prove that z = z7 — z~ operator commutes with 7*z = T*(z™ — z7). By the condition
(b), we conclude that z T is a solution of LCP(T, 2, ¢) and
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0= (" Tz " +q)= (", (T*2)7)

1
= 5 max{A — [lx[|, 0} max{e|lx]| = p. 0}

1
+5 max{A + [|x||, 0} max{—u — e||x]|, O}}.

However, from z* # 0 and z+ € , we get that A — ||x|| > 0 or A + ||x|| > 0. Thus, it
follows from (A — ||x|)) (i — eeflx]]) < O and (A + [lx])(n + allx|)) < O that

(zt, Tzt 4+¢q) > 0.

This is a contradiction. Hence we prove that 7' has the row sufficiency property.

e Consider the case of z = 0. In this case, we have 7~ # 0. Defineq = —Tz~ + (T*z)™.
In a similar way as the above proof, we can verify that (z~, 0) isa KK T point of (Q P)
and z~ operator commutes with 7*z~. Hence, z~ is a solution of LCP(T, 2, ¢) and
(z=, Tz~ +q) = (z7, (T*z)*) = 0. Furthermore, in a similar way again as in the case
of zT # 0, we can obtain that (z~, (T*z)™) > 0, which is a contradiction. Hence, T has
the row sufficiency property.

The proof is complete. O

Remark Infact, the representations of e; and e, given in Case 2 of the proof of Theorem 3.2,
is a Jordan frame representation for the spin algebra, as those in the case of finite-dimensional
Euclidean space R" (see, for example, [1]).

4 The column-sufficiency of 7'

Recall that a linear transformation 7: H — H is said to have the cross commutative property
if forany ¢ € H and any two solutions z; and z of LCP(T, 2, ¢), it follows that z| operator
commutes with wy and z, operator commutes with wy, where w; = Tz; +¢q (i = 1,2).
In this section, for a linear transformation 7" : H — H, we will show that the column-
sufficiency along with the cross commutative property is equivalent to the convexity of
solution set of LCP(T, 2, ¢) (if the solution set is nonempty).

Theorem 4.1 For the bounded linear transformation T on H, the following statements are
equivalent:

(a) T has the column sufficiency property and the cross commutative property;
(b) For any q € H, if the solution set of LCP(T, 2, q) is nonempty, the solution set is
convex.

Proof (a) = (b): When LCP(T, €2, g) has only one solution, the convexity of the solution
setof LCP(T, 2, ¢) is obvious. When LCP(T', €2, ¢) has more than one solution, suppose that
71 and z; are two distinct solutions of LCP(T', 2, ¢) and w; = Tz; +¢q (i = 1, 2). Accord-
ing to the cross commutative property, we have z;(z2) operator commutes with wa(wg). By
Lemma 2.4, it follows that z; o wy € 2 and z2 o wy € Q. Define z = z; — z2, then

—z0Tz=—(z1 —z2) 0o (w; —wp) = (z1 owy + 22 0wj) € 2.

Since z; operator commutes with w; (i, j = 1, 2), it follows that z and Tz operator com-
mute. By the column sufficiency property of 7', we have z o Tz = 0, which implies that
(z,Tz) =0,1ie,

(z1 — 22, T(z1 — 22)) = (21 — 22, w1 — w2) = — ({21, w2) + (22, wy)) = 0.
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Since 2 is a self-dual cone, it follows that (z1, wy) = (z2, wi) = 0. For any # € [0, 1], let
u =1tz1+(1—1)z3.Since Qisconvex,wehaveu € Qand Tu+q =tTz1+(1—1)Tz2+q =
tw; + (1 — r)wy € Q. Moreover,

(u, Tu+gq) = {tz1 + (1 — H)zz, twy + (1 — Hwy)
=2z, wi) + (1 — 1) (z1, wa) + 1 (1 — ) (z2, w1) + (1 — 1)*(z2, w2)
=0.

Thus, u is a solution of LCP(T, €2, ¢). This implies that the solution set of LCP(T, 2, q) is
convex.

(b) = (a): When LCP(T, 2, ¢) has only one solution. the cross commutative property can
be easily verified. When LCP(T, €2, ¢) has more than one solution for some ¢ € H, suppose
that z; and z, are any two distinct solutions of LCP(T', 2,¢g) and w; = Tz; +¢q (i = 1, 2).
Since the solution set of LCP(T, €2, ¢) is convex, forany ¢ € (0, 1), we have z = tz; + (1 —
t)zp is a solution of LCP(T, 2, g). Letw =T (tz1 + (1 — t)z2) + g = tw; + (1 — H)wy, we
have

0= (z,w)
= > (z1, wi) + 1(1 = ({21, wa) + (22, wi)) + (1 — )% (22, w2)
=11 —1)({z1, w2) + (22, wy)).

From z;, w; € Q (i = 1, 2), it follows that (71, wa) = (z2, w1) = 0. By Lemma 2.2 (i), this
implies that 7" is cross commutative.

Next, we prove that T has the column sufficiency property. Suppose it is not the case. Then
there exists z € H such that z and Tz operator commute and —z 0 7z € Q,butzo Tz # 0.
Letz =x+ieand Tz = y+uewithx,y € < e >Tand A, 4 € R . Since z and Tz operator
commute, there exists @ € R such that y = ax or x = «ay. Without loss of generality, we
only consider the case of y = ax. we discuss the following two subcases:

(I) Whenx =0,wehavez = Aeand —z0Tz = —iue € Q.By zo Tz # 0, we get that
A#QOand p #0.If A > 0, then —Tz = —pue € Q. Let ¢ = —T'z. we can conclude
that z and O are solutions to LCP(T, €2, g). By the convexity of the solution set of
LCP(T, 2, q), forany t € (0, 1), #z is also a solution of LCP(T, €2, q), i.e.,

tzeQ, T(z)+qeQ, and (tz,T(tz) +4q) =0,

which leads to 12(z, Tz) = —t{z, q¢) = tAn = t(z, Tz). It follows that A = Apu.
This is a contradiction. Similarly, for the case A < 0, let ¢ = T'z. We can obtain that
—z and 0 are two solutions to LCP(7, €2, g). As before, it follows that fApn = Au
for any ¢ € (0, 1), which is also a contradiction. These demonstrate that T has the
column sufficiency property.

(II) When x # 0, let e = e_+7” and e; = HT”T” We replace T* with T and pro-
ceed as in Case 2 in the proof of Theorem 3.2. Then z = z+ — 7z~ and Tz =
(Tz2)"™ — (Tz)~. We define ¢ = (Tz)™ — T(z"). Because Tz = T(zt —z7) =
T(z") — T(z7), we getthat g = (Tz)~ — T(z7). It is easy to verify that both z*
and z~ are solutions to LCP(T, €2, ¢). Since the solution set of LCP(T', €2, ¢) is con-
vex, we have (ﬁ%, T(ﬁ%) + g) = 0, which implies that (z*, T(z7) +g) =
(z7, T(z") + g) = 0. This leads to

(z.Tz)=(z" =z, (TEH4+q9) — (T ) +q) =0.
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However, from —zoTz € Qand zoTz # 0, it follows that (z, Tz) = (z o Tz, e) < 0.
This is a contradiction.

Therefore, we have verified that 7 has the column sufficiency property. O

Remark The cross commutative property in Theorem 4.1 is indispensable. This can be illus-
trated by the following example.

Example Let S 2 be the set of all 2 x 2 real symmetric matrices. For any X, Y € § 2 define
the inner product and norm by

(X,Y) =Trace(XY) and || X| = \/(X, X) = \/Trace(XX).

Then, it is easy to prove that S is a real Hilbert space. In this setting, let

L9
e:={€ l}’
NG

then |e|| = 1. In addition, the Lorentz cone €2 in the Hilbert space $2 determined by e can
be written as

Q={X=x+reecS|xec<e>"andre R with A > |x|},

where . = (X, e) = Trace(Xe) and (x, e¢) = Trace(xe) = 0. For any X, Y € S2 Jordan
product is defined by

XoY=((x+re)o(y+pue) =pux +ry—+(X,Y)e.
In fact, it is easy to prove that X o ¥ = XY4YX  From this, together with [8] or [11], we

232
conclude that X and Y operator commute if and only if XY = Y X. Foran M € R>*2, we

define the Lyapunov transformation Ly : S> — S by
1
V2

The linear transformation 7 is said to have the P-property if

Ly(X)= —MX+XMT").

z=0.

z and T z operator commute
zoTz<0

Similar to [11, Theorem 5], it is easy to show that the Lyapunov transformation L), has
the P-property if and only if M is positive stable. We consider the following cone linear
complementarity problem LCP(L s, 22, Q): find a matrix X € 52 such that

XeQ, Yi=LyX)+ Q0 e, and (X,Y) = Trace(XY) =0, 4.1

where

M= [:g 2} and Q= [53/\/\/55 59/\/\2]

It follows that QO € Q and M is positive stable, i.e., Ljs has the P-property. Hence, L s has
the column sufficiency property. Moreover, it is easy to verify that

00 10
= [OO] and N = I:OO]
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are two solutions of LCP(L s, 2, Q) (4.1), but N doesn’t operator commute with W =
Ly (0) + Q = 0, i.e., Ly has no the cross commutative property. It is evident that, for any
o € (0, 1), aN is not a solution to LCP(Ly;, 2, Q). This demonstrates that the solution set
of LCP(L s, 2, Q) is not convex.

5 Concluding remarks

In this paper, we introduced the concepts of the column-sufficiency and row-sufficiency for
the bounded linear transformation 7' on the real (finite-dimensional or infinite-dimensional)
Hilbert space H. After discussing several properties of z and w operator commuting, we
established a necessary and sufficient condition of 7" being column sufficient and a neces-
sary and sufficient condition of T being row sufficient. A further issue to be studied is to
investigate how to solve the Lorentz cone complementarity problem on the Hilbert space.
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